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ABSTRACT OF THE THESIS

Compressibility and Multifractal Properties of Self-Compressing Neural Networks
by

Keir Havel
Master of Science in Applied Mathematics with a Concentration in Dynamical

Systems
San Diego State University, 2026

Self-models are representations that a system forms of its own internal
states. They are central to theories in cognitive science and are increasingly being
explored in the context of artificial intelligence. However, the term has been used
inconsistently and it remains unclear how self-modeling can be implemented in
neural networks in a way that provides benefits or what effect it will have on neural
network representations. Here we recast self-modeling in terms of compression. Our
method relies on autoencoders, classic neural network architectures used for
compression. We equip general neural networks with internal autoencoders that
compress one of its own states, and the network is then encouraged to make that
layer more like its compressed reconstruction, so that it becomes more
compressible. We apply this method to neural networks trained for image
classification and find that it leads to faster training and higher final accuracy,
while simultaneously leading to more compressible representations relative to a null
model. Furthermore, we develop analytic results for a dynamical system
formulation of simplified neural network weight dynamics which suggest that this
method works by increasing neural networks’ ability to learn low-frequency features
in the data, a phenomenon known as “spectral bias” in existing neural network
literature. We investigated the geometric properties of our trained neural network
relative to a null model, further providing evidence for spectral bias. We establish
that fixed-mass methods for multifractal spectrum estimation perform
competitively with box-counting on iterated function systems with known spectra
and scale to higher dimensions than is feasible with box-counting. Lastly, we apply
this multifractal analysis to the trained neural network representations, find
evidence supporting multifractal structure, and results that suggest it is determined
more by the data than the training method. Altogether, these results show that our
compression method is a useful inductive bias and demonstrates a tractable model
of how a neural network might represent and reshape its own internal processes.
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GLOSSARY

Activation The numerical output of a neuron or layer in a neural network, usually

after applying a nonlinear function. In this thesis, activations are often

treated as internal states of the network.

Autoencoder A neural network trained to reproduce an input after passing it

through a compression bottleneck.

Auxiliary loss An additional task or objective for a neural network beyond its

main task.

Chhabra–Jensen method A method for directly estimating the multifractal

spectrum via a regression method, avoiding the sometimes unstable Legendre

transform.

CIFAR-10 A standard image-classification dataset consisting of small color

images from ten object classes, such as animals and vehicles.

Epoch The general term for a single pass through a training dataset during neural

network training.

Fixed-mass approach The name for methods for estimating multifractal

properties by using k-nearest neighbors.

Hidden state The state variables internal to a neural network.

Homunculus fallacy The error of explaining a system by positing another

internal observer or interpreter, which itself requires a similar of explanation.

In self-modeling, this is a concern if anything like a self-model is treated as an

internal agent rather than as a functional part of the system.
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Internal compression The method presented in this work, in which a neural

network is encouraged to make its internal states closer to a compressed

reconstruction of themselves.

Iterated function system (IFS) A collection of maps that are repeatedly

applied to generate a fractal set or measure.

Latent representation The internal representation of something within a neural

network, especially an autoencoder.

Log-rank test A statistical test from survival analysis used to compare times

until an event occurs.

Minimum description length (MDL) A principle favoring models that

describe data with a shorter total description. It is a formalization of

Occam’s razor.

MNIST A standard benchmark dataset of handwritten digit images, commonly

used for testing image-classification methods.

Monofractal A fractal or measure whose local scaling behavior can be

characterized by essentially one exponent. This contrasts with a multifractal,

where local scaling varies across the domain.

Multifractal A measure or system whose scaling behavior varies from point to

point, so that no single fractal dimension captures all of its structure.

Multifractal spectrum The function f(α) assigning to each local scaling

exponent α the Hausdorff dimension of the set of points with that exponent.

Participation ratio An dimensionality measure computed from the eigenvalues of

a covariance matrix. It is large when variance is spread across many

directions and small otherwise.
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Regularization A training technique that biases a model toward simpler or more

stable solutions, often to improve performance outside of its training data.

Our method, internal compression, is a form of regularization.

Self-model / self-modeling A representation that a system forms of states

internal to it. This has been used in the past for representations of robot

bodies and of decision variables in large language models.

Sparse autoencoder An autoencoder constrained so that only a small number of

latent units are active at once. Sparse autoencoders are often used in

interpretability work because their latent features may be easier to analyze.

Spectral bias An empirically observed and theoretically justified tendency of

neural networks to large-scale or ”low-frequency” features before learning

fine-grained features.

Stop-gradient An operation that treats a quantity as constant during gradient

computation in machine learning, meaning its gradient is considered to be 0.

Validation accuracy / validation loss Performance measured on data not used

for training, which is called the validation data.

Weight initialization A term used for both the process of generating neural

network parameters before training begins or a name for the result of that

process, i.e. the initial parameters.
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CHAPTER 1

INTRODUCTION

Self-models have been invoked across cognitive science [1], robotics [2–4],

and artificial intelligence [5, 6], being used to explain how systems are able to

regulate and control their own behavior. The definition has varied and ranges from

a system having a predictive model of its body [2], a model of itself as coherent

source of behavior [5], or as modeling its own internal states [6]. These self-models

have been suggested to subserve abilities like planning [4], avoiding damage [2, 3],

and emulating social roles [5], making further research critical to both making

neural networks more general and safer. While there has been extensive work on

how body self-models are useful in robotics, their potential role in artificial

intelligence outside of robotics has remained less clear.

Here, we propose a novel technique based on the idea of a system using a

self-model to make itself more interpretable or compressible. A key part of building

a model is discarding extraneous features from observations and retaining the core

explanatory features that capture the essence of the thing being modeled, in short:

compression. Here we explore the notion of a self-model via the idea of a system

that forms a compressed representation of its internal states. While these

representations could subserve numerous functions [7–9], we focus on systems that

use compressed representations of their internal states solely to further simplify or

compress the internal states themselves. As an illustrative example, consider the

process of explanation itself: when explaining an idea or concept, we often simplify

or throw away unnecessary technicalities. While this can lead to loss of important

information, it simplifies the idea and can help further develop the idea for

productive uses and reinterpretation [10].

Compression is a strong candidate for self-models because it involves

discarding unnecessary features and retaining only those with largest amount of

explanatory power. This connects to the minimum description length (MDL)
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principle [11], an information-theoretic model capturing the idea of Occam’s razor:

a short or compressed model that explains observed data should be preferred to one

with a long description. When this principle is applied internally, it means that a

system is actively sculpting its internal states to be more compressible.

In examining self-models based on compressing internal states, we primarily

follow and build upon the notion of self-modeling in neural networks of

Premakumar et al. [6]. Their work itself built upon previous neural network

models [12–14] of attention schema theory [15]. In their model, a neural network is

trained to produce an output that faithfully represents one of its internal states.

They showed that this task leads to shifts in the weight distribution of the neural

network, toward less complex network structure. While they investigated how

self-modeling can be used to externally represent the internal states of a neural

network, we were interested in how self-models can be used internally.

There are other precedents in the literature based on the using a neural

network to form compressed representation of the features of another neural

network. The idea of “meta-representations” of neural networks has been

implemented [16] using autoencoders to embed the weights of neural networks

trained on different tasks to compare them. Self-reference in artificial neural

networks has also been studied in the case of meta-learning [17–19]. Furthermore, a

framework where some layers or modules in neural networks predict the states of

other layers has connections to theories of predictive coding in the brain [20] and

artificial neural networks [21]. Our method is distinct in that internal states are not

predicted in a vacuum, instead the predictions themselves go on to actively shape

the internal states to be more predictable.

The MDL principle has previously been investigated in the context of deep

learning [22], including techniques to regularize neural networks to be more

compressible [23,24] based on controlling the precision of their weight matrices.

Our method instead uses autoencoders, which are neural networks trained to

compress and decompress inputs. Use of autoencoders to compress the states of a

neural network has also been used in the field of AI interpretability, where sparse

autoencoders have been highly successful [25] in allowing researchers to interpret
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the internal states of large language models [26]. Autoencoder-like structure based

on Oja’s plasticity rule [27] applied to each layer in neural networks has been used

to facilitate stable learning while avoiding the use of normalization methods or

hand-engineered neural network initialization strategies [28]. These results suggest

that there could be gains beyond compressibility with our method.

Our method consists of additional regularization objective where an

autoencoder compresses the internal states of a neural network through a

bottleneck and then the neural network is trained to be more like the reconstructed

output of the autoencoder. We compare to an equivalent null model that also has

an autoencoder building a compressed model of its internal states, but without the

training to make its internal states more compressible with respect to that

autoencoder. The core training task of the neural networks is image classification.

We show that the internal compression objective improves training speed and final

classification accuracy, while simultaneously leading to more compressible internal

states. We show evidence that this is consistent with a spectral-bias toward using

fewer degrees of freedom to encode more variance in the data.

Given tantalizing connections discovered between algorithmic compression

and fractal geometry [29,30], we further investigate how this method affects the

multifractal spectra of the states of the neural networks. However, standard

multifractal analysis often relies on the box-counting method, which scales poorly

to high-dimensional spaces like those involved with neural networks. Given this, it

is imperative to find methods of multifractal analysis that scale to spaces with large

dimension. To this end, we apply fixed-mass methods [31], which we compare

against other methods.

We briefly summarize our core goals and aims:

• Evaluate multifractal estimation methods that function well in
high-dimensional spaces

• Compare the outlined internal compression method against a null neural
network model

• Develop analytical results with simplified dynamical systems versions of the
neural networks to characterize their fixed points and expected behavior
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• Evaluate factors characterizing the geometry, including explained variance
and fractal geometry, of the neural network representations

In Chapter 2, we review relevant background on fractal geometry,

computational aspects of fractal geometry, neural networks, and cognitive science.

We compare various computational methods for estimating fractal properties in

Chapter 3, with the main goal of determining how to estimate the fractal

properties of high dimension neural network states. In Chapter 4 we formally

introduce our method and present our results. Then, in Chapter 5 we integrate our

results and conclude.
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CHAPTER 2

BACKGROUND AND PREVIOUS WORK

Here, we review the background necessary for understanding our methods

and results. We begin by reviewing essentials of neural networks and some common

architectures. Then, we briefly review some of the more uncommon statistical

methods and metrics we use. Lastly, we review the core details of fractal geometry,

including multifractal spectra and efficient computational estimation techniques for

related quantities.

2.1 Neural Networks, Autoencoders, and Models in
Cognitive Science

A typical neural network can be formulated as follows [32]: given a vector of

inputs x0 ∈ Rn, a L-layer neural network transforms h0 to an output

y⃗ := h⃗L+1 ∈ Rm as:

h⃗l+1 = f(Wlh⃗l + b⃗l), (2.1)

where Wl ∈ Rdl×dl+1 is a weight matrix, b⃗l ∈ Rdl+1 is additive bias term, f is a

potentially nonlinear function that is applied to each element of a vector called the

activation function, and {dl} are called the hidden dimensions of the neural

network (with d0, dL+1 equal to n,m). We will typically denote the full set of

parameters (i.e. weights Wl and biases b⃗l) determining a given neural network with

Greek variables like θ, ϕ as this is standard convention. Furthermore, we will follow

the convention of the neural network literature of referring to the states hl as

activation states or activations. Neural networks can be used for function

approximation by defining the loss or objective function L({wL}) and updating the

weight matrices by gradient descent to minimize the loss function [32].

Classic tasks like classifying images are readily achievable with neural

networks. Given a dataset D of N images and labels {x⃗, y}Ni=1, where the labels

correspond to numbers indicating what the image is of (e.g. 1 = “dog”, 2 = “cat”),
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classification can be formulated as updating the neural network parameters to

maximize the chance of classifying an image correctly. Usually, this is done by

minimizing the cross entropy loss:

min
θ

Lce(y⃗, ŷ) = min
θ

− log
eŷn∑m
i=1 e

ŷi
I(y = n), (2.2)

where y⃗ is the vector output of a neural network, I(y = n) is the indicator function

that is 1 when y = n and 0 otherwise, the ith element yi corresponds to the

log-probability of class i, the function on the RHS side is the cross-entropy between

the neural network output and the true label y, and m is the number of classes in

the data.

Another classical task in deep learning is compressing inputs, such as

images. An autoencoder [32] is a classic type of neural network that can be split

into an encoder neural network f(x⃗, θ) which produces a compressed representation

z⃗ of an input x and a decoder neural network g(z, ϕ) which takes z⃗ and reproduces

an approximation of ˆ⃗x. In the construction, dim(z⃗) < dim(x⃗), so that the system

compresses the input.

Neural networks have a number of properties that make them useful in

machine learning. Core among these is universal approximation [33, 34]: neural

networks of sufficient complexity can approximate any continuous function. A

further property of particular interest to us is that of spectral bias [35], which refers

to the fact that neural networks are biased to first learning low-frequency features

of data. This aspect of neural networks often leads to greater resistance to noise in

data and to better generalization outside of their training data.

Neural networks have been used as model systems in cognitive science.

Attention schema theory [15] is a theory in cognitive science about how the brain

uses models of its attention to control and apply it in guiding behavior. There have

been several models of this theory implemented with neural networks [12–14],

including the main work we follow [6]. This work is interested more generally in

“self-modeling”, where a neural network has some internal model of its own activity

that is used for some task. In particular, they train neural networks to classify

images, while simultaneously being able to “report” on its internal states.
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Specifically, in addition to the output for classification ŷ, the neural network has an

additional output
ˆ⃗
hk which is an estimate of one of the neural network’s internal

state, h⃗k for some k. They optimize the parameters of the neural network to

minimize the classification loss 2.2 and a new mean-square error of the estimate of

its internal state:

min
θ

Ls(⃗hk,
ˆ⃗
hk) = min

θ
||⃗hk −

ˆ⃗
hk||2, (2.3)

In this way, they train the neural network to report on its internal states.

2.2 Statistical Methods
The previous research we build on [6] found differences in the distribution of

neural network weights when their “self-modeling” task was added. We opted to

measure difference in the distribution of the weights using the Kolmogorov-Smirnov

(KS) statistic between the sets of the weights of the null and internal compression

model. Formally, the two-sample KS statistic is:

Dn,m = sup
x

|F (ic)
n (x)− F (null)

m (x)|, (2.4)

where F
(null)
n , F

(ic)
m are empirical cumulative distribution functions from samples of

weights with sizes n,m for the null and internal compression methods, respectively.

We track this statistic over training as a proxy for differences in weight distribution

in the model over time and also report the nominal α = 0.05 significance threshold

for the pointwise KS statistic for the given samples, however, we emphasize that for

whole trajectories there are issues with determining when differences “become

significant” due to issues with multiple comparisons and autocorrelation between

the KS statistics at nearby points in training. Nevertheless, the KS statistic itself

provides a measure of the similarity of the distributions, which can be tracked

during training.

We further used participation ratio [36] to measure differences in the

structure of learning with internal compression. Given a set of data points
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{x⃗i}, i ∈ 1, ..N , we first compute the covariance matrix:

Σ =
1

N − 1

N∑
i=1

(x⃗i − ⃗̄x)(x⃗i − ⃗̄x)T , (2.5)

where ⃗̄x = 1
N

∑N
i=1 x⃗i is the mean. If x⃗i ∈ Rd, then Σ is a d× d matrix. By

construction, it is positive semi-definite and therefore has real, non-negative

eigenvalues {λi}, i ∈ 1, ..d. The participation ratio is defined as:

PR =
(
∑

i λi)
2∑

i λ
2
i

, (2.6)

Participation ratio captures the spread or dimensionality of the covariance matrix,

it is maximized with value PR = d when all eigenvalues have the same value λ and

minimized with value 1 when all but one of the eigenvalues are 0 (note, for the

covariance matrix λi ≥ 0). The former case corresponds to all dimensions being

equally necessary to explain variance in the data, the latter corresponds to a single

axis explaining all variance in the data. This makes participation ratio a useful tool

for evaluating the diversity of a set of data points.

Computing the eigenvalues of the covariance matrix further enabled us to

calculate the percentage of variance explained by the model’s learned

representations, as is done in principle component analysis [37]. Specifically, we

computed the cumulative proportion of the variance ci in the data explained by the

neural network representations as:

ci =

∑
j≤i λj∑
i λi

, (2.7)

where λi are the eigenvalues of the covariance matrix, in descending order.

2.3 Fractal Geometry

The word “fractal” was coined by Benoit Mandelbrot from the Latin word

“fractus” for “broken” and was intended to demarcate mathematical objects

beyond the smooth, regular ones encountered in elementary geometry [38]. While

the term is often used imprecisely by both the public and mathematicians, core
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defining characteristics of fractals are self-similarity and scaling characteristics (like

dimension). In 1918, Felix Hausdorff provided some of the early formalization of

fractal sets [39] as they occur in measure theory, which yielded the concept of

fractal dimension:

Definition 2.1 (Hausdorff dimension). For a set F ⊂ Rn, the s-dimensional

Hausdorff measure is

Hs(F ) = lim
δ→0

inf

{∑
i

|Ui|s : F ⊂
⋃
i

Ui, |Ui| < δ

}
(2.8)

The Hausdorff dimension is

dimH(F ) = inf{s ≥ 0 : Hs(F ) = 0} = sup{s ≥ 0 : Hs(F ) = ∞} (2.9)

Here |Ui| is the diameter of the set Ui. Hausdorff dimension is often

impractical, however, it is necessary for the definition of the multifractal spectrum

(see Subsection 2.3.1).

Further development of the idea of fractal dimension occurred in 1959 with

Kolmogorov and Tikhomirov’s work on ε-entropy and ε-capacity [40], where they

introduced a measure that would later be known as the box-counting or

Minkowski–Bouligand dimension, defined as follows:

Definition 2.2. Given a bounded set S in metric space (X, d), the box-counting

dimensions is given by:

dimbox(S) := lim
ϵ→0

− logN(ϵ)

log(ϵ)
, (2.10)

where N(ε) is the number of boxes of side length ε that cover S.

The limit in the previous definition may not exist, in which case we can say

the set S has an upper and lower box counting dimension. Note that the previous

definition implies power laws with a box counting dimension d:

−d =
logN(ϵ)

log ε
⇐⇒ N(ε) ∝ ϵ−d, (2.11)

These scaling relations are critical to the practical computation of fractal

dimensions, where the estimation can practically be converted into a regression

problem.
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Lastly, we define the generalized fractal dimensions [41] Dq:

Definition 2.3. For a measure µ on Rn, the generalized fractal dimension is

defined by:

Dq :=
1

q − 1
lim
ϵ→0

− log
∫
dµ µ(Bϵ(x))

q−1

log(ϵ)
, (2.12)

where Bε(x) is a ball of radius ε centered at x.

Of particular importance for us are D0 (which is the box-counting

dimension) and D1 = limq→1Dq (also called the information dimension).

2.3.1 Multifractals
Fractal methods eventually became applied in the study of turbulence,

where Kolmogorov showed [42] that turbulent systems exhibited power laws in how

they dissipate energy. The word “multifractal” first appeared in [43,44] and was

used to describe the fact that the Navier-Stokes systems under study did not have

scaling relations of the form of Equation 2.11 and instead the dimension d

depended on points in the domain nontrivially. The idea of the multifractal

spectrum was fully formalized in [45], which introduced the following definition:

Definition 2.4 (Hölder exponent / local singularity exponent). For a measure µ

on Rn, the Hölder exponent at a point x is

α(x) = lim
ε→0

log µ(Bε(x))

log ε
, (2.13)

where Bε(x) is a ball of radius ε centered at x. Equivalently, µ(Bε(x)) ∝ εα(x) as

ε → 0.

The paper [45] also introduced the general method for estimating

multifractal properties of dynamical systems and their attractors. This method

depends on the following quantities:

Definition 2.5 (Partition function). Cover the support of measure µ with boxes

{Bi} of size ε. The partition function is

Z(q, ε) =
∑
i

µ(Bi)
q, (2.14)

For small ε, this scales as

Z(q, ε) ∝ ετ(q), (2.15)
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where τ(q) is called mass exponent.

This has connection with thermodynamics [46] and the name “partition

function” comes from that fact. A core relationship between the mass exponent

and generalized dimension Dq [38] is

τ(q) = (q − 1)Dq, (2.16)

which enables using the mass exponent to read off quantities like the box-counting

dimension D0.

Definition 2.6 (Multifractal spectrum). Let Sα denote the set of points where the

Hölder exponent equals α:

Sα = {x : α(x) = α}, (2.17)

The multifractal spectrum is

f(α) = dimH(Sα), (2.18)

the Hausdorff dimension of the set Sα. This gives the fractal dimension of the

subset of points with singularity strength α and a measure is said to be

monofractal if f(α) is a delta function.

The same paper [45] showed that the mass exponent and multifractal

spectrum are related by the Legendre transform:

f(α) = inf
q
[qα− τ(q)] = qα− τ(q), (2.19)

where the infimum is achieved at q satisfying α = α(q) = dτ
dq
. Therefore, in practice

the mutlifractal spectrum was estimated by first estimating the mass exponent τ(q)

using fixed values of q, then performing a Legendre transform to estimate α and

f(α).

2.3.2 Chhabra-Jensen Method
The Legendre transform can often be sensitive to numerical issues due to

the approximate estimation of the mass exponent τ(q). The Chhabra-Jensen

Method [47] allows directly estimating α and f(α) without using τ(q). The method
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involves normalizing the measure (for a given q):

µ̃q(Bi) =
µ(Bi)

q∑
j µ(Bj)q

, (2.20)

where Bi is the box or region given a partitioning method. Then computing:

α(q) = lim
ε→0

∑
i µ̃q(Bi) log µ(Bi)

log ε
, (2.21)

f(α(q)) = lim
ε→0

∑
i µ̃q(Bi) log µ̃q(Bi)

log ε
, (2.22)

where ε is the box size (note the µ̃q versus µq). All of these values are readily

computable in practice by using box-counting and identifying N(ε) ∼ µ(Bi). Then

α, f(α) can be estimated with a regression procedure from box-counts. This method

avoids numerical differentiation of τ(q), yielding better estimates in practice.

2.3.3 The Fixed Mass Approach

Fixed mass approaches [31,48] to multifractal spectrum estimation use

scaling properties of the number of nearest neighbors of a set of sample points. In

this way, they avoid the requirement of grids, assumptions about the geometry of

the fractal measure, and are straightforward to implement using standard functions

from numerics libraries. We follow the method of [31], which derives a result that

for a sample of n points from a measure:

δx(k) ∝
(
k

n

)1/α(x)

, (2.23)

where δx(k) is the distance from point x to its kth nearest neighbor and α(x) is the

local Hölder exponent. Furthermore, they derive a result that, given the probability

distribution P (δ, k) of kth neighbor distances, the multifractal spectrum is

approximately given by:

f(α) ∝ α

(
1− lnP (δ, k)

ln(k/n)

)
− 1, (2.24)

While the relation only determines f(α) up to a scaling factor, it can be combined

with the relation f(α) = α at α = D1, the information dimension. The authors
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show that another scaling relation:

⟨δx(k)⟩ ∝
(
k

n

)1/D1

, (2.25)

where ⟨δx(k)⟩ is expected value of the nearest neighbor distance.

Practically speaking, P (δ, k) can be estimated using a histogram and ⟨δx(k)⟩
can be evaluated using a sample mean. Overall, the practical estimation method

starts with sampling points from the multifractal of interest and computing the

kth-nearest neighbor distances for some value of k. First, this enables using

equation 2.23 to regress estimates for α from k and δx(k). Then, a histogram of the

kth-nearest neighbor distances P̂ (δ, k) is generated, which serves as a proxy for the

true probability distribution P (δ, k). Then, equation 2.24 allows combining the

estimate of α with the estimate of the distribution to generate an array with values

proportional to f(α). Since D1 can be estimated via a similar regression procedure,

its value can then be used to set the intercept of the resulting curve, yielding f(α).

In addition to the practical benefits noted above, several additional

properties make this method useful. First, like the Chhabra-Jensen method, its

caclulation does not rely on computing a Legendre transform. Second, errors tend

to decrease in higher dimensional space, due to how nearest neighbor relations scale

with dimension. Third, by varying k, it is straightforward to verify that the

method is converging given a fixed sample of n points.

2.4 Iterated Function Systems

Iterated function systems can be used to generate fractals with analytically

known fractal properties. Formally, iterated function systems can be defined as [38]:

Definition 2.7 (Iterated function system). Let (X, d) be a complete metric space.

A set of functions on X {fi}mi=1 is an iterated function system if each fi : X → X is

a contraction map on X i.e.

d(fi(x1), fi(x2)) ≤ kd(x1, x2), (2.26)

where k ∈ (0, 1) is a constant.
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A particularly simple IFS system with analytic fractal properties [49] has

functions fi : R2 → R2 given by:

fi(x⃗) = riOix⃗+ t⃗i, (2.27)

where ri ∈ (0, 1) is a contraction ratio, Oi is an orthogonal/rotation matrix, and

t⃗i ∈ R2 is a translation vector. Supposing that each map fi is applied with

probability pi, then the mass exponent τ(q) is given by the implicit equation [49]:∑
pqi r

−τ(q)
i = 1, (2.28)

Practically, for given values of ri, Oi, t⃗i, pi the function τ(q) can be solved for using

any nonlinear root finding method. We then use numerical differentiation and the

Legendre transform to estimate the multifractal spectrum f(α). Further note that

since τ(0) = −D0 of the set F , the box-counting dimension of an IFS is given by:∑
rD0
i = 1, (2.29)

An example of one of these IFS is depicted in Figure 2.1.

Figure 2.1. Two images generated by random iterated function systems
of the form given by Equation 2.4. The approximate analytic monofractal
dimension derived from Equation 2.28 is indicated above the image.
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CHAPTER 3

COMPARISON OF METHODS FOR

MULTIFRACTAL SPECTRUM

ESTIMATION

The box counting method for estimation of the multifractal spectrum f(α)

is standard and is made more numerically stable by the Chhabra-Jensen (CJ)

method. Nevertheless, it scales poorly as dimension increases. With boxes of width

ϵ, covering a single axis will generally require N ∝ O(1
ϵ
) line segments. When

ϵ ≪ 1, it follows that the number of boxes is large (N ≫ 1). Covering all d axes

will then require Nd boxes, which grows exponentially in d. In contrast, the

fixed-mass method (hereafter referred to as BB method after the authors Badii and

Broggi) only grows linearly in complexity as dimension increase: computing a

pairwise distance requires O(d) additions and multiplications.

Given that neural networks have high dimensional internal states, often with

hundreds or thousands of hidden units which each add a dimension, we know from

first principles that box counting will be infeasible in neural network state spaces.

It is nevertheless useful to compare the CJ and BB method on problems with

analytic results, in order to evaluate whether the BB method offers competitive

performance relative to the more classic box-counting approach. To do this, we

leverage the IFS method to randomly generate systems with varying but

analytically known multifractal spectra.

We used a consistent procedure for generating random IFS systems. In

general, we choose the number of maps fi to be 3. We sample the rotation matrices

Oi by uniformly sampling an angle from [0, 2π] and similarly sample the translation

vector t⃗i by fixing the length to 0.5 and sampling an angle uniformly. The

contraction ratios ri are sampled uniformly from [0, 1] and the map probabilities pi

are sampled from a Dirchlet distribution.
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Figure 3.1 shows qualitative examples of the true multifractal spectrum

versus the estimate by the CJ and BB methods. Each panel is the multifractal

spectrum for a randomly generated IFS system with roughly the given monofractal

dimension (D0). We generated systems with given D0 by using Equation 2.29,

which allowed us to solve for contraction ratios ri that yielded a given D0.

Otherwise, parameters were generated randomly as described above. Both the CJ

and BB methods use 10,000 sample points. While tentative, the qualitative

comparison does suggest that the BB method is competitive with the CJ method

for approximating the multifractal spectrum and that the BB spectrum has higher

consistency.

Figure 3.1. Several examples of the theoretical analytic multifractal spec-
tra versus the Chhabra-Jensen (CJ) method and the fixed-mass method
of Badii and Broggi (BB). The monofractal dimension is indicated at the
top of each figure.
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In order to evaluate the methods more quantitatively, we sampled 100

different IFS systems with varying dimensions and parameters, following the

procedure described above. We generated varying numbers of sample points and

evaluated the mean square error between the true analytical curve and the

estimated curve. Since in general, the supports of the function may be different, we

only evaluated the error on the shared support and chose to separately evaluate the

fraction of the support shared between the methods and the ground truth. These

results are depicted in Figure 3.2. Overall, both methods had similar MSE in

reconstructing the analytical spectrum with modest variance across different

systems. Error decreased with increasing sample size for both methods, as did

estimation of the true support. The BB method estimated the support α more

reliably, with nearly 100% agreement between the recovered support and the true

support.

Figure 3.2. A) The mean square error (MSE) on the support of the
theoretical spectrum as a function of number of points sampled for each
method. B) The fraction of the shared support between the method’s
estimated support and the theoretical support as a function of number of
sample points. The BB method had better estimation of the support (α).
Shading indicates standard deviation across 10 seperate trials.
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These results suggest that not only is the BB method more suited to

higher-dimensional spaces, it is competitive and even has some advantages to the

CJ method in relatively low-dimensional spaces. Therefore, the BB method is the

natural choice for estimation of the multifractal spectra of neural networks.
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CHAPTER 4

INTERNAL COMPRESSION OF NEURAL

NETWORKS

In this chapter we introduce the formal details of proposed method for

neural networks that learn to make their internal states more compressible. We

further derive results from a dynamical model based on a barebones formulation of

the method. We present our computational results and show that the method leads

to improvements in training speed, final performance, and compressibility. Lastly,

we investigate the multifractal spectra associated with our neural network models.

4.1 Formulation
As mentioned in the introduction (Chapter 1), our method is inspired by

previous work [6], though follows a different realization of “self-modeling”. Instead

of adding an auxiliary output to the neural network that predicts an internal state,

we train a neural network to predict one of its internal state and adapt itself using

that prediction as a target, as depicted in Figure 4.1. This makes the internal state

more like the neural network’s prediction of it, which is necessarily compressed.

Formally, let a neural network be defined by a sequence of layers and hidden states

h⃗l as:

h⃗l = f (⃗hl−1; θl), (4.1)

where h⃗l ∈ Rml is a hidden state for a layer with ml neurons, θl are

weights/parameters, and application of f can include nonlinear functions. We

denote the full set of parameters of the neural networks as θ. The neural network

has a core task (here, classification) given by a loss function Ltask, which is used to

update the weights via gradient descent. We introduce the internal compression

objective by using a separate neural network to estimate a given internal state:

ˆ⃗
hk = f (⃗hj;ϕ), (4.2)
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Figure 4.1. Our general method. A layer from a neural network (purple
circles and edges), typically the penultimate one, is compressed with an
autoencoder into a latent representation z (orange circles). In the internal

compression case, the original network is trained to bring its state h⃗k closer

to the decoded approximation
ˆ⃗
hk via a loss term Lic = ||stopgrad(ˆ⃗hk)− h⃗k||2

(red arrow), making h⃗k more compressible. In the null case, the state h⃗k

is still compressed, but there is no influence from the compressed state
on the original neural network.

where ϕ are parameters of the internal compressor and k, j (where k ≤ j) are

indices of the layers used to predict one another. When k = j we further impose an

autoencoder or bottleneck condition where the prediction of
ˆ⃗
hk must go through a

bottleneck z⃗ with dim(z⃗) < dim(h⃗k); this ensures that internal model is

compressing the latent states. We use the sum-of-squared-errors (SSE) loss to train

the compressor:

min
ϕ

Lϕ = min
ϕ

||ˆ⃗hk − h⃗k||2, (4.3)

Since the previous objective only affects the compressor network, we add an

additional SSE loss term to the main network to encourage the network states to

be more compressible:

min
θ

Lic = min
θ

||stopgrad(ˆ⃗hk)− h⃗k||2, (4.4)
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where stopgrad indicates that we treat the argument as a constant, as is common

in self-supervised learning where this is essential to prevent representation

collapse [50,51], convergence toward trivial solutions. Intuitively, this loss function

encourages the states h⃗k to be more like the compressed version of itself, i.e. more

compressible. We test both multilayer perceptrons and convolutional neural

networks, using the GELU activation function [52]. For classification tasks, we use

the cross-entropy loss function.

As our null case, we train a model which has the compression neural

network, but drops the loss term Lic giving a feedback effect. This leads to a case

where the network being compressed is not influenced by the compression task,

while still allowing us to track how “compressible” the network’s activity is. This

null model allows precisely disentangling the effects of initialization and parameter

count from the core feature we want to investigate: how using feedback from an

internal compressor can support making the network’s states more compressible.

4.2 Linear Analysis

In order to better understand the effects of internal compression on steady

state weights of the neural network. The following derivation largely follows [53],

with the addition of the terms describing internal compression via an autoencoder.

This additional term primarily affects the dynamics of the input weights of the

neural network and not the output weights, which are only affected indirectly.

In the linear network case, where we have a set of P examples from a

dataset D {x⃗i, y⃗i} ∈ D, i = 1, ..., P and consider a neural network given by:

ŷ = W2W1x⃗ ≡ W2h⃗ (4.5)

ĥ = W4W3h⃗ ≡ W4z⃗ (4.6)

where h is the hidden state and z is a compressed representation of. The training

objectives can be formulated as minimizing the SSE terms:

SSE(W1,W2) =
1

2
(||y⃗i − ˆ⃗yi||2 + ||⃗hi −

ˆ⃗
hi||2) (4.7)

SSE(W3,W4) =
1

2
||⃗hi −

ˆ⃗
hi||2 (4.8)
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Note that the relevant gradients are given by (note the hats on some terms):

∂

∂W1

SSE(W1,W2) = W T
2 (y⃗i − ˆ⃗yi)x⃗

T
i + (⃗hi −

ˆ⃗
hi)x⃗

T
i (4.9)

∂

∂W2

SSE(W1,W2) = (y⃗i − ˆ⃗yi)⃗h
T
i (4.10)

∂

∂W3

SSE(W3,W4) = W T
4 (⃗hi −

ˆ⃗
hi)⃗h

T
i (4.11)

∂

∂W4

SSE(W3,W4) = (⃗hi −
ˆ⃗
hi)z⃗

T
i (4.12)

Let the step size λ be small so that weight changes can be treated as negligible

between inputs and only significant over training epochs (i.e. the whole dataset of

P examples). Then we have the following weight change for W1:

∆W1(t) ≈ λ
P∑
i=1

W T
2 (y⃗i − ˆ⃗yi)x⃗

T
i + (⃗hi −

ˆ⃗
hi)x⃗

T
i =

= λ
P∑
i=1

(W T
2 (y⃗i − ˆ⃗yi) + h⃗i −

ˆ⃗
hi)x⃗

T
i =

= λ
P∑
i=1

(W T
2 (y⃗i −W2W1x⃗i) +W1x−W4W3W1x⃗i)x⃗

T
i =

= λP (W T
2 E(yxT )−W T

2 W2W1E(xxT ) +W1E(xxT )−W4W3W1E(xxT )) =

= λP (W T
2 (E(yxT )−W2W1E(xxT )) + (I −W4W3)W1E(xxT ))

where we have used the definition of the expectation over all pairs (x⃗, y⃗) from the

dataset, E(g(xi) =
1
P

∑P
i=1 g(xi). The first term is identical to the case with no

internal autoencoder [53], while the second captures the effect of the internal

autoencoder on the weight dynamics. Notice that in the case the autoencoder has

converged (W4W3 ≈ I), the second term goes to 0 and the dynamics are identical

to the case with no internal autoencoder.

Importantly, the equations suggest the existence of a fixed point when

E(yxT ) = W2W1E(xxT ) and I = W4W3 hold. The former term is exactly the same

as the fixed point when there is no internal compression and shows that the weights

are driven to capture covariance between the inputs and outputs from the dataset.
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However, the latter term cannot hold in general, since dim(z) < dim(h), so

typically it will converge to an operator that projects onto the top-k = dim(z)

principal subspace of h [54]. Then denoting W4W3 = P (k), note that

I − P (k) = P
(k)
⊥ i.e. the linear operator that projects onto the subspace orthogonal

to the top-k principal components Then any fixed point must satisfy:

(W T
2 (E(yxT )−W2W1E(xxT )) + P

(k)
⊥ W1E(xxT )) = 0 (4.13)

Applying P (k) to both sides of the above equation and noting that P (k)P
(k)
⊥ = 0, we

have:

P (k)(W T
2 (E(yxT )−W2W1E(xxT )) = 0 (4.14)

=⇒ P (k) = 0 or W T
2 (E(yxT )−W2W1E(xxT ) = 0 (4.15)

=⇒ E(yxT ) = W2W1E(xxT ) (4.16)

Then the fixed point is the same as the case when there is no internal autoencoder

within the principle subspace. Further, applying the projection P
(k)
⊥ to both sides

and using (P
(k)
⊥ )2 = P

(k)
⊥ :

P
(k)
⊥ (W T

2 (E(yxT )−W2W1E(xxT )) + (P
(k)
⊥ )2W1E(xxT )) = 0 (4.17)

=⇒ P
(k)
⊥ (W T

2 (E(yxT )−W2W1E(xxT )) +W1E(xxT )) = 0 (4.18)

=⇒ P
(k)
⊥ = 0 or W T

2 (E(yxT )−W2W1E(xxT ) = 0 (4.19)

=⇒ E(yxT ) = W2W1E(xxT ) (4.20)

The same relation as before, except outside of the principle subspace. Therefore,

the method overall preserves the same fixed points of the method.

Note the dynamics of the other weights are unchanged due to the stop

gradient operation and match earlier work for the output weights W2 [53] and the

autoencoder [54].

4.3 Computational Results
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4.3.1 Internal Compression Increases Training Speed
and Performance on Classification Tasks

We trained multilayer perceptrons on the MNIST handwritten digit

recognition task [55]. Across experiments, we initialized any neural network weights

and hyperparameters to the same values for exact comparison of the effect the

internal compression had on the training dynamics, yielding a clean comparison for

each experiment. In total, we used 20 different weight initializations for comparing

the models and computing statistics. The full details of the general architecture

and training schedule can be found in Appendix A.

We first investigated whether internal compression facilitates or sabotages

learning, since it is plausible that the compression objective could interfere with

task learning, especially early in training when the autoencoder has low

performance. Both models achieved high performance on the MNIST benchmark,

with low training loss and high validation accuracy after five epochs (Figure 4.2, A,

B). The internal compression model consistently achieved higher performance

(validation accuracy: 97.03% ± 0.15 versus 96.46% ± 0.24, one-tailed

Mann-Whitney U-test : p=8.25× 10−8) and achieved it more quickly (50% faster

time to reach median accuracy, logrank test: p=1.91× 10−11). Despite the fact that

the autoencoder was not necessarily performant at the beginning of training, there

is no indication that the internal compression loss lead to any decline in early

classification performance.

We further trained deep convolutional neural networks on the CIFAR10

classification task [56], which features small color images of ten classes of animals

and vehicles. As before, neural network weights and all hyperparameters were

initialized to the same values for comparing the effect that internal compression

had on the training. The details of the architecture can be found in Appendix A.

The same advantage of the internal compression method was present in this case,

despite the classification task being more complicated and the network now having

a convolutional component. In the case of CIFAR10 (Figure 4.2 C, D), the internal

compression model achieved a top-1 validation accuracy of 66.34% ± 0.47

compared to 63.73% ± 0.74 for the null model. This difference was statistically
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significant (one-tailed Mann-Whitney U-test : p=3.38× 10−8) and as in the

MNIST case the training occurred more quickly in the internal compression model

(22% faster time to reach median accuracy, logrank test: p=9.16× 10−11).

Therefore, the internal compression objective appeared to counterintuitively

facilitate both learning speed and the final performance. This suggests that the

objective could act as an inductive bias toward more parsimonious features that

facilitate task performance.

4.3.2 Model Compressibility, Explained Variance,
Participation Ratio, and Multifractal Spectra

If the internal compression model facilitates learning parsimonious features,

this should be apparent in the activation statistics of the model. We find that,

beyond having generally better final performance, the models with internal

compression had more compressible activations relative to the null model (Figure

4.3). Thus, the method did function to increase the compressibility of the internal

state with respect to the autoencoder attached to the classifier. While this may

seem tautological, it is important to emphasize that the gradient computation for

optimization of the classifier’s weights was not directly influenced by the

autoencoder due to the stopgradient operation; the objective Lic did successfully

work together with the autoencoder despite having no direct gradient flow between

them.

While the co-trained autoencoder does capture some aspects of

compressibility of the states, it could still be possible that the compressibility was

not a general feature and depended on the autoencoder. If it is a more general

feature, we would expect the internal states to be more linearly compressible. We

further hypothesize that internal compression accelerates training by encouraging

the model to first capture the largest eigenvectors of the data covariance matrix.

This is consistent with the derivation in Section 4.2, which shows that in a linear

version of the method, at equilibrium the internal autoencoder should project on to

the top-k eigenvectors of the internal activation covariance matrix (where k is the
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Figure 4.2. A) The validation set cross-entropy loss on the MNIST digit
classification task over training. B) The validation accuracy for MNSIT
on unseen test images. In both figures, the automatically determined
threshold for the logrank test is depicted with a gray dashed line and
solid lines indicate the mean training performance and transparent bounds
indicate one standard deviation. C) The validation set cross-entropy loss
on the CIFAR10 classification task over training time. D) The validation
accuracy on unseen test images.
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Figure 4.3. A boxplot of the final (RMSE) state reconstruction losses (eq.
4.1) for internal compression and null model for the two datasets. The
differences are statistically significant (one-tailed Mann-Whitney U-test :
p=3.40× 10−8).

dimension of the internal autoencoder bottleneck). In order to investigate this, we

examined the participation ratio and cumulative explained variance over training.

In support of our hypothesis, we found that fewer dimensions in the internal

compression model explained more variance in the data (Figure 4.4 Panels A,C)

and had lower participation ratio (Figure 4.4 Panels B,D). This was especially

pronounced in the CIFAR models. This was likely due to the low intrinsic

dimension of MNIST [57], which means that both models need few dimensions to

encode the features of the data. Note that at the beginning of training (dashed

black line), all models covariance matrices had slowly decaying covariance

spectrum, where many components were required to explain variance in the data.

After 25 gradient steps (faintest lines in blue and orange), both models had much

narrower spectra and a few dimensions could explain most of the variance in the

data. This was especially rapid for the internal compression model, supporting the

idea that internal compression encourages the models to first capture the largest

eigenvectors of the data covariance matrix, suggesting that the method facilitates

the known spectral bias [35] that is already known to be present in neural networks.
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Figure 4.4. Explained variance and participation ratio, by dataset. A, C:
Explained variance for MNIST and CIFAR, respectively. Lighter shades
indicate earlier in training, darker shades indicate later in training. The
dashed black line indicates the starting value, shared by both models. In
both cases, but especially in the case of CIFAR, the model with internal
compression had greater percentage of variance explained by fewer di-
mensions. In general, as training progressed, data variance became more
spread out across embedding dimensions. B,D: The participation ratio
for MNIST and CIFAR, respectively. In the case of MNIST, the par-
ticipation ratio quickly declined, then slowly rose over training. This is
likely due to the low intrinsic dimensionality of the data. For CIFAR, the
participation ratio grew with training and remained consistently lower for
the internal compression model.
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Finally, we evaluate the multifractal spectra between the two methods using

the BB estimator. The results are depicted in Figure 4.5. We plot multifractal

spectrum of the model prior to training, which is depicted with a black, dashed

line. In both MNIST (Figure 4.5, A) and CIFAR (Figure 4.5, B) the model’s

monofractal dimension decreased with model training. This is expected in the

context of the previous results of this section: the neural network’s states occupied

a lower dimensional manifold as training progressed.

Furthermore, there was somewhat surprisingly no significant difference

between multifractal spectra for the null model and the model with internal

compression. We hypothesize that this could be related to the Platonic

representation hypothesis [58], which is based on observations that different types

of neural networks tend to converge to having similar internal representations when

trained on the same data. This would further suggest that the multifractal spectra

observed correspond more to the data than the training method.

One concern with applying the BB method, or any multifractal spectrum

estimation method, to neural networks is that it could mislead and produce

spurious results when there is no true underlying multifractal structure. While we

cannot rule out possible alternatives, we generate two counterfactual scenarios. In

the first scenario, we ran a permutation test, where we permute the elements across

the vector embeddings of the images. This generates a permuted dataset where any

correlations between data dimensions i, j are broken. The result is shown with a

dark grey, dashed line in Figure 4.6. As can be seen, this strongly distorted the

estimated spectrum, confirming that the estimated multifractal spectrum was

dependent on the particular structure induced by the neural network.

The second counterfactual test generated uniform vectors with a similar

extent to the true embeddings, by sampling from the hypercube defined by the

ranges of the true embeddings. The result of this is shown by the light gray, dotted

line in Figure 4.6. Unsurprisingly, this led to a f(α) curve with a high monofractal

dimension, since it generated a dense cube in the ambient dimension.

The previous two counterfactuals support at least monofractal behavior of

the neural network embeddings, but they don’t help distinguish monofractal
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Figure 4.5. The estimated multifractal spectra for A) MNIST and B)
CIFAR. The black curve indicates the spectrum for the initial state of the
model. In both cases, training shifted the monofractal dimension to be
lower.

behavior from multifractal behavior. Unfortunately, the BB method is not

compatible with estimating the τ(q) and Dq functions necessary to distinguish

multifractal from monofractal behavior. For this reason, we opted to measure the

90% interdecile range of the estimated α values as sample size grows. Theoretically,

a monofractal like a Cantor set or a non-fractal like a uniform box should be

expected to converge to a δ function which has f(α∗) = D0 for some value α∗ and is

undefined elsewhere. Therefore, as we vary the sample size, a true multifractal

should be expected to remain converge to a non-zero value in the range of its α

values, while a monofractal or non-fractal should go to 0.

Figure 4.7 shows the α interdecile range as we vary the number of samples.

The width of the α range was consistently larger for the estimator based on the
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Figure 4.6. The counterfactual examples for CIFAR. The first counter-
factual consists of permuting the elements between vectors, breaking any
correlations that may be present (dashed grey curve). The second coun-
terfactual involves uniformly sampling within the region defined by the
data bounds.

neural network states than the uniform counterfactual. Furthermore, while the

estimate based on the neural network states grew or remained relatively constant

with more samples, the estimate from the uniform counterfactual decreased and

remained constant. While we had insufficient data to examine N > 10, 000, the

plot nevertheless provides evidence in favor of the hypothesis that the neural

network states exhibited multifractal behavior and not monofractal/non-fractal.

4.3.3 Weight Distributions

Finally, we asked if this form of self-modeling lead to large differences in the

model weight distributions. We emphasize that while the initial weights vaired

across experiments, the models were initialized to have the same starting weights in
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Figure 4.7. The 90% interdecile range for α for states of the trained
model and the uniform counterfactual, as sample size (N) is varied, for
A) MNIST and B) CIFAR datasets. Data limitations meant that only
10,000 samples could be used.

a given experiment. This ensures they were initially exactly identical. Figures 4.8

shows the evolution of the KS statistics across the MNIST and CIFAR10 datasets.

Internal compression had the strongest effects on multilayer perceptron weights

(here referred to as “linear” weights, since they correspond to dense matrices),

whereas convolutional weights appeared to be unaffected. For the MNIST

classification task, the weight distributions for linear weights rapidly diverged,

while the divergence was slower and consistent for the CIFAR10 classification task.

This shows that the regularization was in fact leading to large changes in the

internal structure of the neural network.
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Figure 4.8. The Kolmogorov-Smirnov statistic between the null and in-
ternal compression models for various datasets and weight types, with
shading indicating the 5th and 95th percentiles across runs. Red dashed
lines indicates the significance threshold for a nominal pointwise KS test
evaluated at a single point in time, see the methods sections for caveats
about extending signifance to training trajectories. A) MNIST, linear
weights: The statistic consistently increased at the beginning of training,
then slowly decreased. B) For the linear weights in the CIFAR classifica-
tion task, the null model and internal compression model grew increas-
ingly dissimilar with time. C) In contrast, the convolutional weights in
the CIFAR classification task remained relatively similar over time. Note
there are no convolutional weights for the MNIST case.
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CHAPTER 5

DISCUSSION AND CONCLUSION

We found that internal compression was a useful inductive bias, improving

training speed and final accuracy. Our analysis suggests this is accompanied by

increases in compressibility and stronger features that explain more variance in the

data. Intriguingly, we found that the method had no discernable effect on the

multifractal characteristics of the data, beyond those found in an ordinary

classification model. These changes were accompanied by changes in the weight

distribution of the trained networks, showing that the method changed the overall

network organization.

We interpret the method as facilitating the existing spectral bias [35] of

neural networks, which is supported by our linear network analysis (Section 4.2).

Further evidence for this interpretation comes from participation ratio and

explained variance being concentrated on fewer dimension in the model activations,

which is most pronounced early in training, as would be expected if the method

leads to a stronger spectral bias. Overall, this suggests that the method helps the

network settle into a compact representational basis earlier when learning the task.

We also applied fixed-mass multifractal estimation techniques to the states

of a neural network; this is the first time this has been done, to our knowledge. We

found that fixed-mass methods work well in high dimensional neural network state

spaces and provide consistent estimates across varying samples of the data,

suggesting that they are indeed capturing some underlying multifractal

characteristics in the data. We generated several counterfactual tests which

support that this reflects true multifractal properties of the neural network

representations and is not merely a result of noise in the data. Most intriguingly,

we found that our regularization technique had no significant effect on the

multifractal spectrum when compared to a similar model without the regularization

technique. We view this as potential evidence in favor of the Platonic
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representation hypothesis [58], which asserts that neural networks tend to learn

similar representations regardless of architectural choice. We note that there is no

paradox here with the observed difference in compressibility of the internal

representations: while the representations were more compressible, the

interrelationships among the representations across the data were similar.

We believe this also represents a positive step toward the study of

self-modeling in neural networks where the neural network must use its

“self-model” toward some end. This avoids some of the issues with the homunculus

fallacy [59] that can accompany ideas of self-modeling, where a “self-model” needs

some additional internal model to be interpreted. We avoid this by having the

model and the “self-model” mutually influence each other. While simple artificial

neural networks like this are a far-cry from any realistic cognitive system, simple

models of self-modeling such as this one nevertheless help highlight potential uses

actual cognitive systems may have for representing and modifying their own

internal processes.

Potential future work includes investigating how these methods scale up to

larger neural network models and to tasks other than classification. Furthermore, it

remains to be seen how our method works with other common methods in machine

learning like batch normalization or advanced optimizers. Further research we see

as especially promising are: (1) Testing the method with transformer and

attention-based [60] architectures, (2) Applying the method to reinforcement

learning, (3) Determining if the method provides any benefit to interpretability,

given that the framework equipped with a sparse autoencoder [25] could be

interpreted as a network that makes itself more interpretable.
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[49] Balázs Bárány and Manuj Verma. Hausdorff dimension of self-similar
measures and sets with common fixed point structure, 2025.

[50] Xinlei Chen and Kaiming He. Exploring simple siamese representation
learning, 2020.

[51] Yuandong Tian, Xinlei Chen, and Surya Ganguli. Understanding
self-supervised learning dynamics without contrastive pairs, 2021.

[52] Dan Hendrycks and Kevin Gimpel. Bridging nonlinearities and stochastic
regularizers with gaussian error linear units. CoRR, abs/1606.08415, 2016.

[53] Andrew M. Saxe, James L. McClelland, and Surya Ganguli. A mathematical
theory of semantic development in deep neural networks. Proceedings of the
National Academy of Sciences, 116(23):11537–11546, May 2019.

[54] Pierre Baldi and Kurt Hornik. Neural networks and principal component
analysis: Learning from examples without local minima. Neural Networks,
2(1):53–58, 1989.

[55] Yann LeCun, Corinna Cortes, and Christopher JC Burges. The mnist
database of handwritten digits. ATT Labs [Online]. Available: http://yann.
lecun. com/exdb/mnist, 2, 1998.

[56] Alex Krizhevsky. Learning multiple layers of features from tiny images.
Technical report, University of Toronto, 2009.

[57] Phillip Pope, Chen Zhu, Ahmed Abdelkader, Micah Goldblum, and Tom
Goldstein. The intrinsic dimension of images and its impact on learning, 2021.

[58] Minyoung Huh, Brian Cheung, Tongzhou Wang, and Phillip Isola. The
platonic representation hypothesis, 2024.

[59] Kimberly Baltzer-Jaray. Homunculus, chapter 31, pages 165–167. John Wiley
& Sons, Ltd, 2018.

[60] Ashish Vaswani, Noam Shazeer, Niki Parmar, Jakob Uszkoreit, Llion Jones,
Aidan N Gomez, Lukasz Kaiser, and Illia Polosukhin. Attention is all you
need. In Advances in neural information processing systems, volume 30, 2017.
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Training and Architecture Details

We implemented all neural networks in PyTorch [97].

A.1 MNIST
We used the standard train and test split for MNIST from the PyTorch

Vision library [101]. We trained for 5 epochs with a constant learning rate of 0.001

and a weight on internal compression loss of 2.25. We chose 5 epochs based on

initial early stopping tests where this was found to be the number of epochs where

both the null and internal compression model were not overfit, given the

architecture and learning rate. The neural network’s layers consisted of the

following:

Layer Number Layer Type Layer Size
1 Linear (784, 64)
2 Linear (64, 64)
3 Linear (64, 64)
4 Linear (64, 10)

Between all layers was the GELU activation function [52].

The structure of internal autoencoder was:

Layer Number Layer Type Layer Size
1 Linear (64, 19)
2 Linear (19, 64)

Where the GELU activation was used between the layers. The layer size of

19 was chosen as the floor of 0.3× 64, which was based on a grid search of ratios

between autoencoder bottleneck dimensions and hidden dimension.
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A.2 CIFAR10
Again, we used the standard train and test split for CIFAR10 from the

PyTorch Vision library [101]. We trained for 20 epochs with a constant learning

rate of 0.0002 and a weight on internal compression loss of 2.25. We chose 20

epochs based on the same initial early stopping tests where this was found to be

the number of epochs where both the null and internal compression model were not

overfit, given the architecture and learning rate. The neural network’s layers

consisted of the following:

Layer
Number

Layer Type Layer Size

1 Convolutional (input channels = 3, output channels = 32, kernel
size = 3, stride=1, padding=1)

2 Convolutional (input channels = 32, output channels = 64, kernel
size = 3, stride=2, padding=1)

3 Convolutional (input channels = 64, output channels = 96, kernel
size = 3, stride=2, padding=1)

4 Convolutional (input channels = 96, output channels = 128, ker-
nel size = 3, stride=2, padding=1)

5 Convolutional (input channels = 128, output channels = 256, ker-
nel size = 3, stride=2, padding=1)

6 Linear (1024, 512)
7 Linear (512, 10)

Between all layers was the GELU activation function [52].

The structure of internal autoencoder was:

Layer Number Layer Type Layer Size
1 Linear (512, 153)
2 Linear (153, 512)

Where the GELU activation was used between the layers. The layer size of

153 was chosen as the floor of 0.3× 512, based on the same grid search as before.
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Layer
Number

Layer Type Layer Size

1 Linear (512, 256)
2 Reshape Upsam-

ple
(256)

3 Convolutional (input channels = 64, output channels = 64, kernel
size = 3, stride=1, padding=1)

4 Upsample 2
5 Convolutional (input channels = 64, output channels = 64, kernel

size = 3, stride=1, padding=1)
6 Upsample 2
7 Convolutional (input channels = 64, output channels = 64, kernel

size = 3, stride=1, padding=1)

where the Upsample indicates we use the default nearest neighbor

interpolating function from PyTorch.


